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An equation for the potentiometric titration of linear polyelectrolytes is derived by considering neighbor interactions of 
ionizable groups and the association equilibria between ionized groups and counterions. The fust, second, .._ and Zth neighbor 
interactions are directly introduced into the equation, and additional neighbor interactions together with interactions be- 
tween the ionizable groups and simple salt ions are taken into account as perturbed electrostatic potentials. It is observed 
that the approximation which includes the second or third neighbor interaction is sufficient for description of the potentio- 
metric titration. Good agreement between predictions of the present theory and experiment is obtained for isotactic and 
syndiotactic poly(acrylic acids). 

1. Introduction 

Polyelectrolytc solutions exhibit various interesting 
phenomena which are different from those encoun- 
tered in solutions of nonionic polymers. These phe- 
nomena are due to electrostatic interactions between 
(1) ionized groups of the polymer molecule and be- 
tween (2) ionized groups and small ions in the bulk of 
the solution. 

Various thermodynamic properties of polyelectro- 
lyte solutions can be explained in a limited way by the 
overall electrostatic potential of a rodlike or a random- 
ly coiled polyion El]. With a smeared charge model, 
Kotin and Nagasawa obtained the overall electrostatic 
potential of the polyion by numerical integration of 
the Poisson-Boltzmamr equation to describe the ion 
binding and potentiometric titration behavior of weak 
polyacids [2] _ The potentiometric titration behavior 
of some protein molecules as well as synthetic poly- 
electrolytes were explained in terms of the surface po- 

tential of the rod or spherical macroion through nu- 
merical analysis of the non-linear Poisson-Boltzmann 
equation [Z-5] _ However, the description afforded 
by the overall potential is often insufficient for t de- 
tailed analysis of the observed titration behavior_ In 
the case of polyampholytes, theories based on the 
smeared charge model yield estimates in poor agree- 
ment with the experimental results [4] _ Even in the 
case of weak polyacids, where the titration curves of 
an alternating copolymer of maleic acid and poly(male- 
ic acid) exhibit the two step dissociation of carboxyl 
groups, this approach predicts a greater effect on the 
difference in the two dissociation constants with the 
addition of salts than is observed [6-81. In order to 
describe such behavior, localized interaction of ioniz- 
able groups need to be taken into account in the devel- 
opment of a more useful theoretical model for the irt- 
terpretation of potentiometric titrations. 

With this in mind Marcus [9] derived an equation 
to describe the potentiometric titration behavior of 
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polyelectrolyte solutions by including nearest neighbor 
interaction_ This was accomplished with a statistical 
mechanical approach employing a model similar to the 
Ising model of ferromagnetism [lOI _ His approach, 
however, did not include the interaction between dis- 
tant ionized groups. Harris and Rice [l I], and Lifson 
[12] extended his treatment to include such long 
range interaction by adding an electrostatic potential 
term. However, explicit expressions for the added term 
were not provided and this led to ambiguity in estimat- 
ing the contribution of this term. 

In the present study, an improved equation to de- 
scribe the potentiometric titration of a linear polyelec- 
trolyte is derived by considering the effects of neigh- 
bor interaction and counterion binding. To clarify the 
role of neighbor and long range interactions introduced 
in Lifson’s theory [I 21, the neighbor interactions are 
taken into account for t.hree cases; in the first approxi- 
mation nearest neighbor interaction is considered, in 
the second the nearest and second neighbor interac- 
tions are considered, and in the third the nearest, sec- 
ond and third neighbor interactions are taken into ac- 
count. The counterion binding is treated as an associa- 
tion equilibrium between the ionized group and the 
mobile ions. In each case, the remaining long range in- 
teractions are expressed in the form of a perturbed 
electrostatic potential. Comparison of the contribution 
of these approximations to the end result shows that 
the second and third approximations are sufficient for 
the examination of potentiometric titrations of linear 
polyelectrolytes. Application of the present theory to 
the titration data of isotactic and syndiotactic 
poly(acrylic acids) results in good agreement with ex- 
periment. 

2. Theory 

In this section, an equation is presented for the po- 
tentiometric titration of a weak polyacid. A “Site 
model” is used as the theoretical base for its develop- 
ment. Because of the discreteness of the distribution of 
the ionizable groups of the polymer, the following can 
be assumed: 1) The electrical repulsion of the ionized 
groups extends the polymer chain, so that it assumes 
the shape of a rod along which the ionizable groups are 
distributed. 2) The ionizable groups are arranged in a 
three-dimensional pattern defined by the actual confor- 

mation of the polymer chain with each ionizable group 
considered a point charge. 3) With this “Site model” 
for the polyelectrolyte each ionizable group on the 
polymer chain is influenced by the electrical interac- 
tion of the other ionizable groups on the chain and by 
the counter ion in the bulk of the solution_ 4) Each 
ionizable group is at equilibrium with the hydrogen 
ion, Hi, and the monovalent metal cation, &It, in the 
bulk of the solution, and it loses net charge when H+ 
is bound, whereas it forms a dipole when M’ is bound. 
In the latter case, a small separation between the ion- 
ized group and the ion is expected due to their hydra- 
tion layers, resulting in the dipole whose moment de- 
pends on the thickness of the hydration layers. 5) The 
electiic field in the bulk of the solution that emanates 
from the ionized sites along the polymer chain is essen- 
tially the same as from the smeared charged rod of a 
polyion. The distribution of the small ions in the bulk 
of the solution is therefore believed to be described by 
the Poisson-Boltzmann equation of the system having 
cylindrical symmetry. 6) Dipole-dipole interaction as 
well as coulombic interaction between ions are taken 
into consideration_ Ion-dipole interaction, however, is 
neglected, since the direction of the dipole is, in most 
cases, believed to be approximately perpendicular to the 
rod of ihe polymer skeleton, so that the interaction of 
this type may vanish when averaged over all directions. 
The dielectric constant of the medium around the ion- 
ized group as well as the ions is assumed to be the same 
as that of the solvent, D. 7) All the ionizable groups 
have the same chemical structure, and are equivalent 
so that there is no distinction between them from a 
statistical mechanical sense. 

2.1. General expressions 

Each ionizable group of a polyion is capable of as- 
suming three states, ionized, unionized and cation- 
bound. The equilibria are expressed as 

&,=,++ +p- (I) 

pm = I-lb%+ -t 8% (2) 

where ~10, pm and p_ are the chemical potentials of the 
unionized, cation-bound and ionized groups, respective- 
ly, and &+ and I_I&~+ are the chemical potentials of the 
hydrogen ion and the metal cation, respectively. By 
letting aO, a, and a_ correspond to their respective ac- 
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tivities, eqs. (1) and (2) are expressed in the following 2.2. ?l’ze interaction berlveen the ionized group and 

way, smali ions in tize bulk of tfze solution 

PH = PK,, -t log(Q_/Qu), 

PM = PM, + log (Q- /Q, ), 

where 

(3) 

(4) 

pKu = 0.4343 (I& t- ,ut - &)/kT. 

and 

pM, = 0.4343 (p;* ++ p”_ - /-$)lkT> 

Here the superscript 0 designates the chemical poten- 
tial of the standard state. 

The electric field due to the polyion is cylindrically 
symmetrical about the axis of the polyion rod_ The dis- 
tribution of small ions in the bulk of the solution can 
thus be approximately described by the Poisson- 
Boltzmann equation expressed employing cylindrical 
coordinates. The interaction energy between the i-th 
ionized group and small ions in the bulk of the solu- 
tion can be expressed as 

To describe the dissociation of the ionizable groups, 
it is convenient to evaluate the grand partition func- 
tion, ZP, for a macroion whose charged groups inter- 
act with each other and with the small ions in the bulk 
of the solution. The grand partition function, as de- 
fined by the standard methods of staristical mechanics, 
is 

eo 1 
xo-’ 

where +(r) is the electric potential at I-? e. the charge 
of an ionized group, a the radius of the polyion rod 
and 3 the distance between the center of the polyion 
and the boundary where the conditions, a+/arlR = 0 
and I,!J(R) = 0 are satisfied. Integration with respect to 
r in eq. (8) yields 

(5) 

where the subscripts 0, m and - refer as before to the 
unionized, metal bound and ionized groups, respective- 
ly, and EEi,Ej and Ezi represent the interaction energies 
between the i-th group in the ei state and the j-th 
group in the ei state, and that between the i-th group 
in the ei-state and all the small ions in the bulk of the 
solution, respectively. According to assumption (6) 
Eei,+j is due to couIombic and dipole-dipole interac- 
tions, and the following conditions are satisfied 

E,i,,jfOifEi=-andEj=--, 

orei=rnandej=m; 

= 0 otherwise, 

and 

E,$ # 0 if Ei = -; 

= 0 otherwise_ 

(6) 

(7) 

The averaged charge density of the surface of the poly- 
ion rod can be substituted for (1/2rr) a$/arl, in eq. (9) 
and 

Ep_Zp J d= __ ,/Q2 + z2 + eo*(Q)z (10) 

where p, the charge density per unit length of the poly- 
ion, is proportional to the degree of ionization, (Y. 
Though the integration ofeq. (IO) with respect to z di- 
verges to infinity, this interaction energy terms can be 
compensated by the interaction energy between the i-th 
ionized group and another long distant ionized group, 
as shown in the next section. 

2.3. An approximation for long range interaction 

Since the solution of eq. (5) in a rigorous manner is 
very difficult and since the interaction energies, E_ i, _j, 

and Emi, mj> decrease rapidly with distance between the 
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i-th and j-th groups, it is convenient to introduce an 
approximation for the interaction between distant 
groups. Namely, the Eei, Ei term is introduced directly 
into the expression for *he grand-partition function 
when Ii - jl =G I where the value of i represents the de- 
gree of approximation. Remaining terms for Ii - jl > i 
are regarded as perturbation terms and are expressed 
by a modified electrostatic potential. 

Theterm$Xl~_il,~E,i,eifor Ii-jl>i,isre- 
placed by the averaged interaction energy expressed as 

where Pr(ei, ej) is the mutual probability for the i-th 
and j-th groups being in states ei and ei simultaneously, 
and Pr(ef) is the probability for the i-th group being in 
state Q. With this approach eq. (5) is reduced to 

$0 = c . . . 
P 

c exp 
E1=O.m.- Cp=O,m,- 

@iy - ,$!)/kT 

where the following abbreviations are used 

(12) 

groups along the axis of the polyion rod. The summa- 
tion for values of I j - i I larger than N can be written 
as 

q-p -j1 e; 2 

c 
=0 

I j--it >N pr(-i) 
-=25cY 
Dri j Db(N + n) ’ (18) n=l 3 

The integration term in eq. (10) is expressed as 

when A% S a. In this equation the inte 
in eq. (10) is replaced by lzl, since 
equal to lzl S a. The divergent terms in eq. (10) and 
eq. (14) compensate each other and eq. (13) can be ex- 
pressed as 

In the perturbation terms the coulombic and dipole- 
dipole interactions are taken into account, so that 

@ = c q-j, -j) e; 
-i lj-ir >i q-f) D’i j ’ > 

@p<ZY = c pr(mj, mj) (cod)” 
mi lj-ii >i ~$ni) m 3 ’ 

i,i _ 

(14-l) 

(14-2) 

where d is the distance between the bound cation and 
the ionized group. 

Now, if the value I j - il is larger than a sufficiently 
large number, iV, the followiig situations are encoun- 
tered. 

Pr(-i, -j)/p~(-i)=a (If3 

and 

Ti,j=blj- iI, (17) 

where b is the average distance between ionizable 

where 

In the above calculation of the grand partition func- 
tion, the replacement of E-+-j by the potential term 
[Pr(-i, -i)/Pr(-j)] E_i,-j m eqs. (1 l), (12) and (14) 
indicates that the long range interactions provide some 
contributions to the grand partition function and that 
they increase the energy of the ionized i-th state by 

The precision of this treatment depends on the contri- 
bution of the long range interactions relative to that 
of the neighbor interactions. A comparison of n (rz = 1, 
2,3) approximations conducted as described above is 
presented in a later section. 

2.4. Equation for the potenfiometric tiii-ah-on 

To obtain the relation between the apparent disso- 
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ciation constant of a polyelectrolyte, pKaPr,, and the 
activity ratio in eq. (3) and eq. (4), respectively, let us 
first assume that the degree of polymerization of the 
macromolecule is sufficiently large so that end-effects 
are negligible. Then eqs. (1) and (2) can be rewritten as 

where 

i 

/p = p_ - eO~u~ , (21-1) 

PU) = P 
In In 

_ *(I) 
In (2 l-2) 

and 

i 
+ e. WI 

[,u> E &U) 
ill -mje (22-2) 

Also eqs. (3) and (4) can be rewritten as 

pH = pK, + log az)/ao + 0.4343 eo$&z)/kT, (3)’ 

pM = pMO + log(a(“/ac’)) - m 
(4)’ 

+ 0.4343 (coy ’ (‘I - +$)/kT, 

where 

@ = a_exp(-e_o~~r)/kT), (23) 

a$) = a, exp (-@E)/kT). (24) 

Eq. (3)’ which is similar to Lifson’s expression [ 121 
clarifies the physicaI meaning of coy? and eq. (22-l) 
can be used to obtain eo$ explicitly as well. 

The following abbreviations have been introduced 
for convenience into the grand partition function given 
by eq. (12). 

where the summation of ei is the same as in eq. (12) 

and 

a(‘! = exp [(pf’! - #_)/kT] 
EI EI EI > (26) 

(27) 

By using matrix representation, eq. (25) can be rewrit- 
ten in a shortened form 

+o = #I fi MU) (0 
P i=Z+l i aZ ) (28) 

where 

P 

n Mi=Mp---Mz,l 
i=Z+l 

and ujz) - 1s a column vector whose elements are sets of 
the states of the (p r 2 + I)-th . . . and the p-th sites 
written as 

(aj’)) fp-z+l,--->Ep =a 
Ep-zi-1 

x n (2% 

l=zhCZ 
U~l,~lIJz---a a EP-l.Ep ‘&>- 

Here b(‘) is the row vector whose elements are all unity, 
and Mi is the i-th matrix operator which generates the 
statistical sum in eq. (25) as follows: The matrix M$fi 

operates on the vector az (I) to generate a new vector 
a$?1 whose elements are expressed as 

(AZ) ) I+-1 Ep_Z,__. .Ep-1 = c aep_z 
eP 

(30) 

’ I<~<+@ EP-Z+J, ---a u = > ep-1 Ep-1 “p ‘p’ 

The result of Mi’s_: operating on the vector Us (0 - (0 

whose elements are 
=*fi-l 

(31) 

* a Ep-i,Ep-i+h --- up 

and #) can be obtained through this progressive proce- 
dureePme grand partition function, Z.0, expressed by 
eq. (25) can be obtained by summing up all elements 
of c7$‘_ This is done by combining vectors, u$? and b$o 
as shown in eq. (28). 

If the ionizable groups are arranged regularly; for 
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example, if they are equidistant on the polymer chain, 
then the matrices Mi are equivalent and eq. (28) can 
be written as 

Y(Z) = ~(l)($#~))i+-IQ~0_ 
“P 

(32) 

This equation can be transformed as follows: 

z(Z) = Q(‘)TU)(~i(Z))PZ + -lcII(‘), 
P (33) 

where T(I) and k(r) satisfy the following relation 

MU+<‘) = T<Z) xt0 , (34) 

tiz) being a diagonal matrix. Since P is very large, the 
grand partition function can be expressed in terms of 
the maximum eigenvalues. The explicit expressions of 
Q;” and M (I) in the above case are shown in Appendix 
1. 

The expressions of the probabilities, P,(~i) and 
P,(q, Ej~k) are derived from the grand partition func- 
tion as 

P (6) = (SybQ 
r 1 

? j-l (35) 

X &ii+ 1 Mini _=v+ 1 Mi(‘)cII(‘), 
z 

and 

P& Ej+k) = (Z$yb(Z) 

x ii 
i=j+k+l 

M;“i$?k(~jik) (36) 

j-tk-1 j-l 

X i=y+l MiQNi’“(~j> _$,Mi”,*~, 
i- 

where iV!‘)(e-) is a matrix, the elements of which are 
the sami as &ose of M!o except for the replacement 
of QE with 0 when E f $. ‘In the case of the equidistant 
distrrbution of the ionizable groups, eqs. (35) and (36) 
can be rewritten as 

p /e.) = (#I --1 (0 
r 3 

p ) b (Mo)P-j-1 

X #o(,)(M<I>).i-$,jr, 
(37) 

and 

pr(ejy Ej+k) 

= (~~))-lb(‘)(~‘))~-j-k-l~tZ)(~) (38) 

x (~~)k-lN”)(E)(M(~)~-Z-~Q(Z) 
z - 

Also the degree of ionization, (Y, can be expressed as 

(39) 

where v is the number of the ionized site. The differen- 
tiation of eq. (39) with respect to Q_ yields the relation: 

a# 
2 = b(z) a 
aa _ aa’” (M(z))p-zal<? (W 

The right-hand side of this equation can be approxi- 
mated as 

+j --& b(z)(M(‘))p-za;z) 

- (~~~)-lb(z,(M(z,)p-i-l 

(441) 

= (~~))-lbt~)(Mt~))~-_j-~~t~)(_)(~t~)i-~Q~~ 

Eqs. (37) and (41) give 

(Y = P~(-j)- (42) 

A similar equation with respect to the degree of ion- 
binding, p, can also be obtained 

P = P@rj). (43) 

If the dipole-dipole interaction is neglected, the 
ratio of the fraction of unionized sites (&,) to the de- 
gree of ion-binding @) can be generally related to the 
activities a,, and am, as: 

fro ffi = Qo In, (44) 

This result is obtained as follows: Let us use another 
expression of the grand partition function, 

where 
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us 
-i 

= exp(- Ez?IkT) !46) 

and pi is the interaction operator which operates on 
aci+j from the left hand side and generates the interac- 
tion term 

a_+ exp(-E_i,_i+l.fkT)~i for ei+j = - 

c-a_ = 
’ El-fj 

a _ _iii Q-F.1 otherwise 

(47) 

From the grand partition function (45), Pr(OJ and 
Pr(mj) are derived corresponding to eq. (35) as 

P,(Oi> = 1g (22 a 
-P - 

-_i -I I j-i- t- clOi + n,poj 

Pr(mj) = $l$ (“5_ia_iiii + aoi + Qmi> 

D 

X a _ Cl (“s-ia_iiii +Poi ‘ami). 
mJ i=j+l 

From these equations we can derive the relation, 

PO/P’ Pr(Oj)/P,(mj)=aO/am 

if no difference exists between the ionizabk groups. 
The above equation is transformed to 

P = (1 - or) a,/(ao -t a,) 

instead of eq. (44). 

(50) 

The potential at the surface of the polyion, $(a), is 
obtained by solving the following Poisson-Boltzmann 
equation for the but& solution, 

v2+= -(4=0/D> [C+exp(-co WT) 
(51) 

- C- exp(eo WkT)I 

awad,=, = 2eocr/Dab, (52) 

wad,=, = aTcR = 0, (53) 

c, = @5 +Q* F 

1000 A -t’ 
c _ Cs 

- -mNAF-J 

F+ = (R2 - a2) 

I 
fRexp(Teo$/?cT) 2rdr. (54) 
a 

In eqs. (51).-(54), NA is the Avogadro number, CP 
and C, are the equivalent molar concentrations of the 
macroion and added salt, respectively, and C, isrelated 
to pM as shown 

pM = --log C,. 

According to the cell model proposed by Katchalsky 
et al. 1133 , R in eqs. (53) and (54) is given-by the rela- 
tion 

1 CP -=- 
b&2 1000 NA- 

3. Results 

3.2. Titration curve of a lizear Lattice polyelectrolyte. 

Numerical calculation is carried out by the proce- 
dure shown in fig. 1_ First, a suitable value of the activ- 
ity ratio, a?/a, is chosen and initial values of @ 
(= (e. I$(‘) - *J$)/kT) and C, are tentativeiy assigned 
as Go = 0 and C’,. = C,. Next, from eq. (4)‘, the activ- 
ity ratio a”)/a is given by 

nE)/ao =’ Cy o(a’_l’/aO) exp(Qo) (1 O)--FMo _ (55) 

Then,a,kLP,(ej, Ej+X_), @_ ad Grn can be obtained 

as function of Go and C+,o, according to the expressions 
presented in section 2. 

Values of C, and $(a) are given numerically in 
terms of CY and C,, as follows. The solution of eq. (51) 
can be easily obtained by the Runge-Kutta-Gill method 
if C, and C_ are given. By an iteration method, suitable 
values of C, and C_ satisfying eq. (54) can be obtained 
when the values of Cp and C, are given. Thus C,, C_ 
and #(a) can be defined numerically as functions of CY 
and Cs. 

According to eqs. (l)‘-(4)‘, the second approxima- 
tion of +, Gpl is given by 

where 
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Fig. 1. Fkw chart of the computation. Values of epsl and epsz 
give the allowable errors of the computation- 

(I) 1 
_ _ + eoJlo(4 - *m,O 9 

where subscript 0 stands for the values obtained by the 
first step of the calculation as mentioned above; The 
next step of the calculation is carried out by using the 
values of @51 and C+,l (= C, I (a,)) for Go (= 0) and Cs, 
respectively. This -process is’iepeated until the differ- 
ences IQk,1 -r&I and IC’ kil - C. kl become small- 
er than certain values which are indicks of correctness_ 

The calculation was performed for various values of 
CP and C, at fured values ofiV = 100, T = 25OC and I) 
= SO. The polyion was assumed to be represented by a 
linear lattice as described in section 2. At first, an equi- 
distant array of ionizable groups was assumed with an 

interval b of 2.5 II; later this assumption was refmed 
by assigning values deduced from the most probable 
conformation of PAA. The radius of the rod, u, and 
the average distance between the ionized group and the 
bound cation, d, were used as adjustable parameters; 
their best values were found to be 10 A and 5 A, re- 
spectively. 

If the dipole-dipole interaction between cation- 
bound sites is negligible, i.e., am = 0, the calculation 
procedure can be simplified as follows. Instead of the 
ratio fP/~7~, a new con ditional - value &)](a0 -t elm) is - 
chosen, and LY, PI<-,-, -j~k) and @__ are calculated, 
leading to the values of the ratio rrm/(no + am) as 

$J(Q + Qm) = C, @V(a, + Qm)3 

X exp(eo *(D/kT) (1 O)--PMo _ 
(5%’ 

Thus the degree of the counterion binding, /3, is ob- 
tained by use of eq. (SO) as 

and eq. (3)’ is rewritten as 

JO 
pH=loge-log 

0 m 

+0.4343 
e. Go 

kT -qxo . 

Typical examples of the calculation are shown in 
figs. 2 and 3, where Aplc, = pH - log [o&(1 -aaPp)] 
and spP*= (Y + 8. The calculation js carned out at C, 
= 10 mN and at infinite dilution (CP + 0). The error’ 
of ApK, due to the computer calculation does not ex- 
ceed 0.01 in each case. Fig. 2 shows a case where al- 
most no cation is bound to the ionized group (PM, 
= -SO), whereas figs. 3 show a case where cation bind- 
ing exists to some extent (PM0 = -1.5). The curves of 
the degree of the cation binding, p, versus the apparent 
degree of dissociation, snP, are shown in fig. 4. In any 
case, the second and the third approximations give al- 
most the same curve, although the curve for the first 
approximation is slightly different from the others, as 
shown in frgs. 24. This fact indicates that the second 
or the third approximation is needed to describe the 
potentiometric titration behavior and the cation bind- 
ing of polyelectrolyte solutions. 
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Fig. 2. Calculated apparent dissociation constant, ApKa, and 
contribution of the long range interaction, eo@~I)/H’, to 
ApK, as function of apparent degree of ionization, oapp. for 
the case of no counterion binding. - - -- -, first approxima- 
tion; ------, second approximation; - third approxima- 
tion. The following parameters are used &the calculation: 
Cp-f0,Cs=10mN,T=25”C,D=80,N=100andpMo 
= -50. 

Contribution of the long range interaction eo$/kT 

to ApK, is indicated in fig. 2. The values of eo$/kT 

increase at first with aapp_ Then, due to the shielding 
effect of counterions, the contribution of the long 
range interaction becomes almost constant with the 
first approximation, and decreases with the second 
and third approximations. Evidently, the term eo+/kT 

decreases in value with increasing degree of approxima- 
tion The term, however, cannot be neglected even in 
the case of the third approximation, as shown in fig. 2. 

In the calculation of the potentiometric titration 
curve, local conformation of the polymer chain is as- 
sumed to be stretched so that the overall electrostatic 
energy may be minimum. 

Bond lengths and bond angles of PAA used in the 
calculation are summarized in table 1 [21]_ The local 
conformation of a syndiotactic PAA (PM,) is assumed 
to be characterized as (-t-t-t-t-) and that of an iso- 
tactic PM (PAAi) 2s (-g--t-g’-t-)_ Here t, g* and 
g- assign the internal rotation angles to O”, 120” and 
--120°, respectively_ These conformations indicate 

that two adjacent ionizable groups are separated as 
far as pcssible, and that the overall shape of the macro- 

molecule is an extended rod. 

(Xapo 
* ’ * ’ ’ ’ ’ ’ ’ 

0 OS 1.0 

Fig. 3. Calculated apparent dissociation constant, ApK,, for 
the case that cation binding exists to some extent. 
-----, first approximation; ------, second approtimation; 
-, third approximation. The parameters used in the cal- 
culation are the same as those in fig. 2 except phio = -1.5. 

A section of a syndiolactic FAA in all-trans confor- 
mation is shown in fig. 5. The internal rotation angle 
around the bond between atoms i and j is designated 
by Ri,j. whose positive sense corresponds to that the 

atomrc group bonded to atom j moves counterclock- 

wise relative to the atomic group bonded to atom i 
when viewing from atom i. The backbone internal ro- 
tation angle is defined as 0 for the trans position. 
Since two oxygen atoms of a carboxyl group are con- 
sidered to be equivalently ionized in the ionized state, 
two bond lengths, C 1 1 -022 and C, i -O,, shown in 
fig. 5-B, areassumed to be the same and the ionized 
site is assumed to be placed at the midpoint of the two 
oxygen atoms of the carboxyl group. 

The distance between Fz-th and (rz + j)-th icnizabie 

BouPs, 7n,n + j (n=1,2andj=l . . ..lO).andtheaver- 
age intervals of the ionizable groups projected to the 
polymer backbone, b, are computed for the conforma- 
tions mentioned above. Table 2 shows the calculated 

Fig. 4. Curves of the degree of counter-ion binding, p versus 
oapp_ - - - - -, frost approximation: - - -- - -, second approxima- 
tron; -, third approximation. In this figure, the curves for 
the second and third approximations coincide with each other. 
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Table 1 
Bond lengths and bond anges of PAA, 

Bond Bond length (A) Bond angle Angle (deg.) 

c2 -cm 1.485 Cl -c* -Cs 115 
G1--022 1.287 C2-C3-C4 115 
Cl --c2 1.54 Cl --cz---c21 110 
-_ 

results of these values. Since the distance ~rr,~~+.~ is in- 
dependent of II, the matrices Mi(‘) in eq. (28) are the 
:-me for any i, similar to the case of equidistant distri- 
buiion of the ionizable groups. 

The computation of the potentiometric titration 
curve for PAAi and PAA, is carried out according to 
the procedure presented in sections 2 and 3.1. A fairly 
good agreement of the calculated curves with the ex- 
perimental results by Kawaguchi and Nagasawa [ 143 , 
is obtained as shown in fig. 6. There are some discrep- 
ancies between the calculated curves and the experi- 
mental values at the low degree of ionization (oaPP 
< 0.3) due to the coiling of the polymer chain in this 
region. Namely, at low CY, the entropy force which 
drives the polymer chain into a random coil, exceeds 
the repulsive force between the ionized groups. 

The values of CI, d and pM, used in the present cal- 
culation are 10 A, 5 W and -0.2, respectively, they 
provide the best agreement with experiment. These 
values correspond to a situation where the sum of rhe 
thickness of the hydration layers of the free counterion 
and the ionized group is 7 - 8 A (= difference of the 
radius a and the distance of the ionized group from the 
axis of the rod), and indicates that the bound counter- 
ion destroys the outer part of the hydration layer but 
not the inner par? whose thickness is 5 A. 

Table 2 
The distance between the ionizable groups for PAA 

A 

B 

Fig. 5. A section of PAA, in all-trans conformation. (A and B). 

4. Discussion 

Theoretically, the present equation describes the 
electrostatic nature of the polyelectrolyte solution 
very precisely. Lifson’s theory [ 123 is amplified by 
clarifying the role of neighbor and long range interac- 
tions as well as the effect of ion binding. The effect of 
neighbor interactions is tested by comparing computa- 
tions based on one neighbor, two neighbor and three 
neighbor interactions as described in section 3-l _ Ca- 
tion binding also provides some contribution to the 
titration profile. 

Usually cation binding is understood as a result of 
ion condensation based on the theory of Oosawa [l , 
151 as well as that of Manning [16] . in the present 
theory, however, the cation binding is treated in the 
same way as the association equilibrium between hydro- 
gen ions and polyion in order to construct the grand 
partition function. Effect of the electrostatic potential 
is introduced by modifying the form of the chemical 

1 2 3 4 5 6 7 8 9 10 b 

C, i+h (4 
for PAAi 4.34 5-76 6.57 9.53 11.58 13.15 15.79 17.92 19.72 22.23 2.21 

5, i+it (JO 
for PAAs 4.34 5.20 8.53 10.39 13.45 15.59 18.51 20-7 8 23.64 25.98 2.60 
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Fig. 6. Potenriometric titration curves of PAAi and PAA,. 
Open circles show experimental data obtained by Kawaguchi 
and Nagasawa [ 141, and solid liies’are the calculated results 
for the second approximation. Salt concentrations: 1, 10 mN; 
2, 100 mN. Upper and lower curves or circles correspond to 
PAAi and PAA,. respectively- 

potential of the cation-bound site. Numerical values 
of the cation binding are approximately the same as 
those obtained by the ion condensation theories. 

As a secondary effect of the cation binding, the 
dipole-dipole interaction cannot be neglected. Fig. 7 
shows a typical result when dipole-dipole interaction 
is neglected in the computation_ The theoretical curves 
have larger curvatures than the experimental ones. This 
discrepancy suggests that the dipole moment formed 
by an ion-pair of the bound counterion and the ionized 
group is large enough to affect the binding of another 
counterion. 

The fact that the most suitable value ford is 5 _& 
for PM means that counterion is bound loosely to the 
carboxyl group. As a result, the bound counter-ion is 
mobile in the vicinity of the ionizable group, which in- 
duces a large dipole moment along the polymer skele- 
ton when applying an external field [ 16-19]_ 

Recently, the 23Na chemical shift observed in Na- 
PAA solution was found to vary with the degree of 
neutralization [20] _ These hWR data indicate the ex- 
istence of bound counterions. Variation of the 23Na 
chemical shift with the degree of neutralization is con- 
sistent with estimates of counterion binding calculated 
by use of the present theory. This is shown in fig_ 8. 
However, the concept of counterion binding is some- 
what ambiguous in the present theory. It means that 

Fig. 7. Calculated potentiometric titration curves when ne- 
glecting the dipole-dipole interaction. Open circles show ex- 
perimental data 1141) and solid lines are the calculated results. 
Parameters used in the calculations are: LT = 7 A; pMo 
= -1.3 (A), -0.6 (B);and Cs= 10 mN (l), 100 mN (2). Upper 
and lower curves or circles correspond to PAAi and PAA,, 
respectively. 

A 

P, 1 

B izoMN_ 
0.5 1.0 

Fig. 8. A. Variation of the 23Na chemical shift as a function of 
oapp obtained by Gustavsson et al. [20] _ Polymer concentra- 
tion (Cp) and SdiUUI ion concentration (CN,+) are: Cp = 0.88 
N, CNa+ = O-1 1 N (1); Cp = 0.25 N, CNa+ = 0.30 N (2). De- 
tails of the experimental conditions are descried in ref. [20]. 
B. Calculated degree of counterion binding, 0, as a function of 
~app for PAAi ( -) and PAA, (----) by use of the present 
theory. Upper. and lower curves are those for Cs = 100 mN 
and C, = 10 mN, respectively. Other parameters used in the 
calculation are the same as those in the calculation of the 
potentiometric titration curves in fig. 6. 



the energy state of the counterion in the vicinity of 
the ionized group is different from that in the bulk of 
the solution, due mainly to the coulombic interaction 
between them. Also other factors such as changes in 
hydration around the ion and the ionized group 
should be considered carefully in evaluating the equi- 
librium constant and other related quantities. 

In the present theory, precise description of the 
titration behavior is a result of the introduction of sev- 
eral parameters such as a, d and pM,. The effective 
radius of the polymer chain, u, and the distance be- 
tween the bound counterion and the ionized group, d, 

cannot be determined precisely by any experiment at 
present. These parameters need to be adjusted by use 
of the experimental data obtained from both pW and 
pM measurements. In this paper, the values of these 
parameters are chosen as described in section 3, since 
no experimental data are available for the values of 
pM in PAAi and PAA,. 

It should be noted that eq. (3)’ for the 0-th approx- 
imation coincides with the equation proposed by 
Kotin and Nagasawa [2 J , when no counterion is 

bound to the ionized group and the following relation 
is satisfied, 

This fact indicates that the equation derived from the 
smeared charge model is in accordance with an approx- 
imation of the present theory. The present theory 
rnav be more appropriate to study the nature of the 
sh&t range interaction of the ionizable groups of the 
polyion 
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Appendix I 

The explicit expressions of 8) and M(I) f rom 2 = 1 to Z = 3 are shown in this appendix. For brevity, the follow- 
ing quantities are defied; 

ae = aei, 

u E,GE = Iii uEi,Ei+h’ h=l 

Then f7i0 can be written as 
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-I 

9 
43 = 

J 

u a2 -- - 

"_OQ_"O 

u _,=_a, 

u0_=0=_ 

UODQ; 

UOm=oQm 

24 ,.-=,a_ 

%0=,=0 

24 2 
RlmQm 

(3) = 
=3 

u a3 _-_ - 

u _ _o=2_=o 

u __,=2_=, 

CO_=?=0 

2 
~-oO=_=O 

U-_Om =_=0=m 

u -m- a2a - m 

~-mO"_=m=O 

u -mm=-=; 

u,_-QOQl. 

uO_O=_=~ 

~o_m=oQ_Qm 

HO@+_ 

3 
uoooao 

uOomQ~Qm 

UOrn -=oam =- 
uOmOa~Qm 

UOmm aOa~ 

U m_-=,=2- 

UM-Oama_aO 

U m_ma$a_ 

~mO-_QmQOQ- 

%nOOQnlQ20 

UmOm ‘kaO 

u ,,-=;a- 

21 mmOQ~Q0 

(I-2) 

If the dipole-dipole and dipole-ion interactions are neglected (Umi,mi+h = Umi,Oi+h = UOi,mi+h = l), the dimen- 
sions of column vectors can be reduced and eq. (I-2) can be rewritten in a simplified form as 

aw = 
1 

a 

, I 

(2) = 
- =2 

QO +-QlTl 

U -- =; 

u_o=_(=o + =,I 

uoGo + a,>=_ 
uoo(ffo + amI2 

U a3 -_- - 
U -_o=l(ao +=,I 

Q)_Q_(Qo + am) 

u_oo=_(=o + Q2 
uo__--“~(ao +=,I 

u0_0=__(=0 + amI2 
uoo__(=o + Qm)2Q_ 

uooo(=o + amI3 (1-3) 

where the relation, u, 2 m = u,, o and so on, are used. According to these expressions ofa( MC0 can also be defied 
as 
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QU 
auo 

a u --- -- - --In 

Qo”o- aouoo ao*Om 

arn”m-- J anl%no Qnl%mn 

Mc2)= a-u___ a u 
I 

o a zi 
--_m 

0 0 0 0 0 0 
- -- - 1 

0 0 0 Q-U_*_ Q__~_Qo a_com 0 0 0 

0 0 0 0 0 0 a-u_,_ a-u_,0 a-u_,, 
ao~o_- aouo-o QOUO-In 0 0 0 0 0 0 

0 0 0 "CPOO - Qo"ooo aoUOOm 0 0 0 

0 0 0 0 0 0 “OUOm- ao”OmO QOUOrnm 
Qmum__ Q,,-,um-_~ Q,u,_m 0 O- 0 0 0 0 

0 0 0 Qrn"rnO- Q,UmOO QrrPnl0I-n 0 0 0 

0 0 0 0 0 0 Qnl”mn- aIn*3mn0 amummm 
(II-A-4) 

Here the expression of MC31 is omitted, since the dimension of M(3) is too large (27-a) to write down explicitly. 
The matrices, when neglecting the dipole-dipole and dipole-ion interactions, are expressed as 

M(1) = a u 

[ 

- -- Quo -- I (Q. +Q,ho_ (Q. +Q,)~OO 

M(2) = 1 Q u au 0 0 - _-- - -- 0 

0 0 Q__~_Q_ Q_*_QQ 

iQo +Q,ko__ (QQ +a&o_o 0 0 

0 0 (a0 +ambOo_ Go *QmhOOO 

j&f(3) = I a u au 0 0 0 - ---- _ --- 0 

0 0 au 0 - -_o- a-U--()() 

0 0 0 

0 0 0 

0 0 0 0 a-co__ Q_u_0_0 0 0 

0 0 0 0 0 0 Q_u_Qo_ a_u_*oo 
(QQ +a,b Q_--(a() +Q,)~Q_-Q 0 0 0 0 0 0 

0 0 (Q(pm)~Q_Q- (QQ ‘am)UQ_QO 0 0 0 0 

0 0 0 0 (QQ +am)~oo_- (Q, -+~m)~oo_o 0 0 

0 0 0 0 0 0 caQ ‘amhODO - tao ‘am)uooo[ 
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Appendix II 

Eqs. (33), (37), (38) and (39) can be easily transformed into the following expressions of the 0-th, 1 -st, 2-nd 
and 3-rd approximations, respectively. For simplicity, hereafter we omit the superscripts showing the order of ap- 
proximation. 

II-A. T&e O-th approximbon 

In the 0-th approximation all the neighbor interactions are neglected in the calculation of the grand partition 
function. Then 

(II-A-l) 

Therefore Q md j3 can be easily obtained as 

a aInEP_ _ a 
“‘pJ_,-> =-p - 

a,ahEp_ a, 

P aa_ a_ +aO+a,’ 
p=Y,(mi) =-p - 

P aa, a_+ao+a,- 
(11-A-2) 

On the other hand, eq. (38) can be given by 

Pl (PI -4 

pr(-j, -j+~_) = G$,)-l C C 
Vl -1 

y l  ! w1 !(pp: u1 _ wl)! 4?$f1@ +l -l) 

(k- 1) (k-l --Yz) 

xx c 

(k - l)! a~2agw2aw-l -v2 --wd 
m 

v2 w2 
v,!o,!(k - i -v2 -cd,)! 

p2 V2-v3) 

xc c 
P2! 

av3aw3a(P2 - y3 --w 3) 

v,!w,!<~, -v3 - O$ - 0 * 
9 

v3 w3 

(11-A-3) 

that is 

pr(-j, -j+k) = (a a- 
- +a0 +Q~ )’ = ,2, 

where P, = P - j - k and P2 =j - 1 _ From eqs. (11-A-2) and (H-A-3), the activity ratios a_/~0 and a-/a, can be 

derived as 

a-/a0 = o/(1 - ct - L3), (11-A-4) 

a-/am = &3. (11-A-5) 

By use of eqs. (11-A-4) and (II-A-S), eqs. (3)’ and (4)’ can be rewritten as 

CY 
pH=pK, +log l --01--(3 + 0.4343 e. */kT, (11-A-6) 

and 

pM = pM, + log CY/~ -t 0.4343 (e. t,b/kT - +,,., /kT), (11-A-7) 

where 
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Grr, = 2/3 c 
j-f=1 

(eod)2/Dri~j . 

If no metal binding occurs, eqr (II-A-7) can be expressed in the form of the familiar equation of potentiometric 
titration as 

pH = pKo + log &+ 0.4343 AGellkT (U-A-8) 

where 

AGel = e. $_ 

II-B. IT71e I-st approximation 

The higher order approximations are a little more complicated, since the neigbbor interactions are contained in 
the grand partition function_ Let h, be the maximum eigenvalue of M; then we can rewrite eq. (33) by considering 
that P is large enough to maintain the relation X’; S X5 and X? S X;, to obtain the following expression 

(II-B-l) 

where fi j, fk I -’ and ai are the i,j-th component of the matrix T, the k, Z-th component of the matrix T-l and the 
i-th com’poneht of the column vector a1 _ In a similar manner, eq. (35) can be rewritten as 

a! =Pr(-j) = t,‘l t1 9 9 1, j3 G Pr(mj) = t<$ f3 1 (II-B-2) 
9 

and 

(11-B-3) 

11-C. T&e 2-nd and the 3-rd approximation 

By a Cnilar procedure to the I-st approximation we can easily obtain expressions of eqs. (33), (37) and (38) 
which are more adapted to numerical calculation. Final results are expressed by the following equations. 

(II-C-I) 

(II-c-2) 



S. Sasaki, A. Minakata/Potentiometric tirration of linear polye2ectroIyte.v 215 

(11-C-3) 

where the notations are the same as those in eqs. (II-B-l)<II-B-3) except that the superscript represents the degree 
of the approximation. Also 

(11-C-4) 

(II-C-S) 

(11-C-6) 

11-D. 77ze case of negiecti~zg tize dipole-dipole and dipole-ion interaction. 

If the dipole-dipole and dipole-ion interactions are neglected, the expressions of eqs. (11-B-1)-(11-C-6) are 
slightly simplified as follows. Eqs. (II-B-I)-(II-B-3) for expressing the first approximation are rewritten as 

2 2 

E,- -q-l Ct. Cr!a. 
i=l Z,l j=l ‘.3 J’ 

(11-D-l) 

(Y ‘Pr(-j) = tr; t1 1, 

3 3 

(11-D-2) 

2 

P,(,, -j+k) = c t-l t 
h k 

s=l l-1 1,s ( ) 
-E- t,-‘1 t1 1- 
h 

1 ’ ’ 
(11-D-3) 

And eqs. (II-C-1)-(11-C-6) are also reduced to 

(11-D-4) 

2 

(II-D-S) 

(II-D-6) 

$3) = q-3 c t. 
P 

c t-?a_, 
i=l I,1 j=l l,3 I 

(II-D-73 
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cy=q-,-> = 5 t-l. t 
i=l 1,z i,l’ 

(II-D-S) 

(11-D-9) 

The equivalence of eq. (II-D-2) to Lifson’s equation (eq. (49) of ref. [ 121) can be shown as follows. From the 
relation between the components of M, eigenvalues and eigenvectors, the following equation can be derived 

tl ltli = (a-u__ - h2)/(hl - ha). (II-D-1 0) 
> 9 

Also the relations between the eigenvalues and the matrix elements are given as 

Al +X2 =u__a_ + uoo(ao -t amIT A, -A, =a_@___ ~00 - ~_0qd(a0 +a,). 

Then by using eqs. (II-D-2) and (11-D-10)-(11-D-I 1) the followfug relations are obtained, 

(II-D-l 1) 

(1 - 242 = h__Q_ - “o&o +QmN2_ 
W-4 ~.-0~0_a_(~o + a,) 

(II-D-1 2) 

Eq. (II-D-l 2) can be easily reduced to Lifson’s equation (49) [ 12]_ 
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