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An equation for the potentiometric titration of linear polyelectrolytes is derived by considering neighbor interactions of
ionizable groups and the association equilibria between ionized groups and counterions. The first, second, ... and /th neighbor
interactions are directly introduced into the equation, and additional neighbor interactions together with interactions be-
tween the ionizable groups and simple salt ions are taken into account as perturbed electrostatic potentials. It is observed
that the approximation which includes the second or third neighbor interaction is sufficient for description of the potentio-
metric titration. Good agreement between predictions of the present theory and experiment is obtained for isotactic and

syndiotactic poly(acrylic acids).

1. Introduction

Polyelectrolyte solutions exhibit various interesting
phenomena which are different from those encoun-
tered in solutions of nonionic polymers. These phe-
nomena are due to electrostatic interactions between
(1) ionized groups of the polymer molecule and be-
tween (2) ionized groups and small ions in the bulk of
the solution.

Various thermodynamic properties of polyelectro-
lyte solutions can be explained in a limited way by the
overall electrostatic potential of a rodlike or a random-
ly coiled polyion [1]. With a smeared charge model,
Kotin and Nagasawa obtained the overall electrostatic
potential of the polyion by numerical integration of
the Poisson-Boltzmann equation to describe the ion
binding and potentiometric titration behavior of weak
polyacids [2] . The potentiometric titration behavior
of some protein molecules as well as synthetic poly-
electrolytes were explained in terms of the surface po-

tential of the rod or spherical macroion through nu-
merical analysis of the non-linear Poisson-Boltzmann
equation [2—5]. However, the description afforded
by the overall potential is often insufficient for « ce-
tailed analysis of the observed titration behavior. In
the case of polyampholytes, theories based on the
smeared charge model yield estimates in poor agree-
ment with the experimental results {4]. Even in the
case of weak polyacids, where the titration curves of
an alternating copolymer of maleic acid and poly(male-
ic acid) exhibit the two step dissociation of carboxyl
groups, this approach predicts a greater effect on the
difference in the two dissociation constants with the
addition of salts than is observed [6—8]. In ozrder to
describe such behavior, localized interaction of ioniz-
able groups need to be taken into account in the devel-
opment of a inore useful theoretical model for the in-
terpretation of potentiometric titrations.

With this in mind Marcus [9] derived an equation
to describe the potentiometric titration behavior of
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polyelectrolyte solutions by including nearest neighbor
interaction. This was accomplished with a statistical
mechanical approach employing a model similar to the
Ising model of ferromagnetism [10]. His approach,
however, did not include the interaction between dis-
tant ionized groups. Harris and Rice [11], and Lifson
[12] extended his treatment to include such long
range interaction by adding an electrostatic potential
term. However, explicit expressions for the added term
were not provided and this led to ambiguity in estimat-
ing the contribution of this term.

In the present study, an improved equation to de-
scribe the potentiometric titration of a linear polyelec-
trolyte is derived by considering the effects of neigh-
bor interaction and counterion binding. To clarify the
role of neighbor and long range interactions introduced
in Lifson’s theory [12], the neighbor interactions are
taken into account for three cases; in the first approxi-
mation nearest neighbor interaction is considered, in
the second the nearest and second neighbor interac-
tions are considered, and in the third the nearest, sec-
ond and third neighbor interactions are taken into ac-
count. The counterion binding is treated as an associa-
tion equilibrium between the ionized group and the
mobile ions. In each case, the remaining long range in-
teractions are expressed in the form of a perturbed
electrostatic potential. Comparison of the contribution
of these approximations to the end result shows that
the second and third approximations are sufficient for
the examination of potentiometric titrations of linear
polyelectrolytes. Application of the present theory to
the titration data of isotactic and syndiotactic
poly(acrylic acids) resulis in good agreement with ex-
periment.

2. Theory

In this section, an equation is presented for the po-
tentiometric titration of a weak polyacid. A “Site
model” is used as the theoretical base for its develop-
ment. Because of the discreteness of the distribution of
the ionizable groups of the polymer, the following can
be assumed: 1) The electrical repulsion of the ionized
groups extends the polymer chain, so that it assumes
the shape of a rod along which the ionizable groups are
distributed. 2) The ionizable groups are arranged in a
three-dimensional pattern defined by the actual confor-

mation of the polymer chain with each ionizable group
considered a point charge. 3) With this “Site model”
for the polyelectrolyte each ionizable group on the
polymer chain is influenced by the electrical interac-
tion of the other ionizable groups on the chain and by
the counter ion in the bulk of the solution. 4) Each
ionizable group is at equilibrium with the hydrogen
ion, H¥, and the monovalent metal cation, M*, in the
bulk of the solution, and it loses net charge when H*

is bound, whereas it forms a dipole when MT is bound.
In the latter case, a small separation between the ion-
ized group and the ion is expected due to their hydra-
tion layers, resulting in the dipole whose moment de-
pends on the thickness of the hydration layers. 5) The
electric field in the bulk of the solution that emanates
from the ionized sites along the polymer chain is essen-
tially the same as from the smeared charged rod of a
polyion. The distribution of the small ions in the bulk
of the solution is therefore believed to be described by
the Poisson-Boltzmann equation of the system having
cylindrical symmetry. 6) Dipole—dipole interaction as
well as coulombic interaction between ions are taken
into consideration. lon—dipole interaction, however, is
neglected, since the direction of the dipole is, in most
cases, believed to be approximately perpendicular to the
rod of the polymer skeleton, so that the interaction of
this type may vanish when averaged over all directions.
The dielectric constant of the medium around the ion-
ized group as well as the ions is assumed to be the same
as 1hat of the solvent, D. 7) All the ionizable groups
have the same chemical structure, and are equivalent
so that there is no distinction between them from a
statistical mechanical sense.

2.1. General expressions

Each ionizable group of a polyion is capable of as-
suming three states, ionized, unionized and cation-
bound. The equilibria are expressed as

Mg = Hyg+ FH_ ¢))

Mo = Mg+ T U_ (2)

where ug, i, and u_ are the chemical potentials of the
unionized, cation-bound and ionized groups, respective-
1y, and pyy+ and uy,+ are the chemical potentials of the
hydrogen ion and the metal cation, respectively. By
letting @, @;;, and @_ correspond to their respective ac-
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tivities, egs. (1) and {2) are expressed in the following
way,

pH= pK, +log(a_/ay), 3)
pM=pM, +log(a_/a), ®
where

pKo = 0.4343 (ufy+ + @ — p0 )/&T.
and
PM,, = 0.4343 (ufy++ p® — uS)/kT,

Here the superscript 0 designates the chemical poten-
tial of the standard state.

To describe the dissociation of the ionizable groups,
it is convenient to evaluate the grand partition func-
tion, Ep, for a macroion whose charged groups inter-
act with each other and with the small ions in the bulk
of the solution. The grand partition function, as de-
fined by the standard methods of statistical mechanics,
is

E = 23 e 25 -

P &=0,m,— ¢;=0,m,—
2 bt v ®
€p=0,m,— i :

- Z)‘ o /T — ES /kTD

where the subscripts 0, m and — refer as before to the
unionized, metal bound and ionized groups, respactive-
ly, and Ee,,e] and E, gi represent the interaction energies
between the i-th group in the ¢; state and the j-th
group in the ¢; state, and that between the i-th group
in the ¢;-state and all the small jions in the bulk of the
solution, respectively. According to assumption (6),
Ee;,e; s due to coulombic and dipole—dipole interac-
tions, and the following conditions are satisfied

EE,.,E]. #0ife;=—and = —,
or ;= mand €; = m; 6)
= 0 otherwise,
and

= 0 otherwise.

2.2. The interaction berween the ionized group and
small ions in the bulk of the solution

The electric field due to the polyion is cylindrically
symmetrical about the axis of the polyion rod. The dis-
tribution of small ions in the bulk of the solution can
thus be approximately described by the Poisson-
Boltzmann equation expressed employing cylindrical
coordinates. The interaciion energy between the i-th
ionized group and small ions in the bulk of the solu-
tion can be expressed as

R e
s = D19 9
E_z. —f27rrdrf {477rarrar v@®
a — oo

€ 1

—!
D ;21,2

®)

where Y(r) is the electric potential at 7, e the charge
of an ionized group, 2 the radius of the polyion rod
and R the distance between the center of the polyion
and the boundary where the conditions, 8¥//arip =0
and Y (R) = O are satisfied. Integration with respect to
rin eq. (8) yields

ES

v -1
—i D aor

f \/——— +eqv¥(a)- ©®

The averaged charge density of the surface of the poly-
ion rod can be substituted for (1/27) 8¢/dri, in eq. (9)
and

eo
Eif =
\/a

where p, the charge density per unit length of the poly-
ion, is proportional to the degree of ionization, a.
Though the integration of eq. (10) with respect to z di-
verges to infinity, this interaction energy terms can be
compensated by the interaction energy between the i-th
ionized group and another long distant ionized group,
as shown in the next section.

+ eqW(a). (10

2.3. An approximation for long range interaction

Since the solution of eq. (5) in a rigorous manner is
very difficult and since the interaction energies, E_; _ -,
and Epy;m 12 decrease rapidly with distance between the
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i-th and j-th groups, it is convenient to introduce an
approximation for the interaction between distant
groups. Namely, the EE _e; term is introduced directly
into the expression for ;he grand-partition function
when |i — j] <1 where the value of 7 represents the de-
gree of approximation. Remaining terms for [ —jl1 >1
are regarded as perturbation terms and are expressed
by a modxﬁed electrostatic potential.

The term 35 2,] i1>1Eej,ef for li —jl>1, iste-
placed by the averaged mteractmn energy expressed as

w0 _ E r(ez’ ])
D , 11
€& 4i~it>1 P (e ) €i-€f an

where P (¢;, ;) is the mutual probability for the i-th
and j-th groups being in states €; and ¢; simultaneously,
and P, (g;) is the probability for the i-th group being in
state €;. With this approach eq. (5) is reduced to

0= T B e[ ® - wQkT

€3 =0,m,— ep=0,m,—
(12)
- 22 E___[kT |,
1<h<i €Dei+h
where the following abbreviations are used
#(_I)-=p_-_q)(_n-_Ei-: (I)=l10-
1 1 H 1 I
@) (D @3)
Fm; = Hm; — @y

In the perturbation terms the coulombic and dipole—
dipole interactions are taken into account, so that

Z; F r(_i’ _j) e%

o = . 14-1
i yj-i>1 Pr(_i) D’i,]' ( )
P (m;, m) (e, d)?
a® = 25 i 7y) . (142)

mi g j—ii>1 P(m) Dr. 3
i,j

where d is the distance between the bound cation and
the ionized group.

Now, if the value |j — i] is larger than a sufficiently
large number, V, the following situations are encoun-
tered.

P:r(—i’ "‘j)/PI(—'x) =a (1 5)
and
7, =Dl —il, an

where b is the average distance between ionizable

groups along the axis of the polyion rod. The summa-
tion for values of |j — i| larger than V can be written
as

> B a5, % g
on P B2 B ey (9
The integration term in eq. (10) is expressed as

o 2 = N+n+1)b
250 [z, %0y s
D b =z b n=0 z
Nb (N +n)b
> a0
~2 — 0
T n=1 Db(N+iz)

when Nb > a. In this equation the integrand v/a2 + z2
in eq. (10) is replaced by |z, since v/a@2 + z2 is nearly
equal to [z] > @. The divergent terms in eq. (10) and
eq. (14) compensate each other and eq. {(13) can be ex-
pressed as

pD=p_

- @(1) LA
‘ e f \/z—-;; OV(a)(zo)

where
N 2
P
ah=r 3 HlrDb
lji—it>1 P( ) i

In the above calculation of the grand partition func-
tion, the replacement of £_ i - by the potential term
[P (—; —)/P (=] E_;,_;in egs. (11), (12) and (14)
indicates that the long range interactions provide some
contributions to the grand partition function and that
they increase the energy of the ionized i-th state by

2 Nb
(1) @D _ 0
D=0 e 3L f

vt

The precision of this treatment depends on the contri-
bution of the long range interactions relative to that
of the neighbor interactions. A comparison of 7 (n=1
2, 3) approximations conducted as described above is
presented in a later section.

2.4. Equation for the potentiometric titration

To obtain the relation between the apparent disso-
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ciation constant of a polyelectrolyte, pK, ,.,, and the
activity ratio in eq. (3) and eq. (4), respectively, let us
first assume that the degree of polymerization of the
macromolecule is sufficiently large so that end-effects

are negligible. Then egs. (1) and (2) can be rewritten as

My + eoy’l([) =pg — ug) (¢)}
and
Hyr +eg¥® — @D =@ _ O @’
where
(1P =p_ — e y?, 21-1)
i ugg =p  —o® (21-2)
and
Ieow(l) —o® _ g’ In(Nb ++/V?p? +a2)
- Db a (22-1)
te, (@)
) = e
! =oL). (22-2)
Also egs. (3) and (4) can be rewritten as
pH = pK, +loga®¥/ay +0.4343 ey /kT, €}
pM=pM, + log(a(_l)/agl))
@
+0.4343 (g v P — aOy/xT,
where
ag) =a_exp(—eg y!l(I)/kT), (23)
a® =a_exp(—@WV/kT). 2%

P2 Y =

Eq. (3) which is similar to Lifson’s expression [12]
clarifies the physical meaning of ey and eq. (22-1)

can be used to obtain oonh exnlicitly ac well.

SAPRILARIY

The following abbreviations have been introduced
for convenience into the grand partiticn function given

by eq. (12).
AY
<1 u61,1+h)

- ( o I
i<h

m
™
v~u

25)
(a(l) n . ) D u a® | 25

€ 1<h<l €L,ith Ep 1 €p-1-€p €p

where the summation of ¢; is the same as in eq. (12)
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Y]
]
w

and

) - a __ .0
a.; =expllus —p )KT], 26)
Yeieinh exP(_Eei,ei+},/kT)' 7

By using matrix representation, eq. (25) can be rewrit-

ten in a shortened form

p
=D = 5D @, (D )
=P =s® 11 mDal, (28)
where

r
H.1M M Ml+1

=7
I=i+

and a(l) is a column vector whose elements are sets of
the states of the (p — 1+ 1)-th ... and the p-th sites
written as

@)

=a
€p—I+1>----€p €p—1+1
o)
X H u - a

a_ .
1<h<l €1,€1+h €p—1-€p <p

Here 5() is the row vector whose elements are all unity,
and M is the i-th matrix operator which generates the
statlstlcaj sum in eq.(25) as follows: The matrix M},‘_’l
operates on the vector a; ” to generate a new vector

af?); whose clements are expressed as
@®Hy =272
Siti‘ep-1,---s€p-1 ep €p-1
(30)
ko §
X 11 u . a u a__ .
1<h<l €p-l-€p-I+h €p—1 €p-1,€p €p
£ D operatine D . (D
lllﬁ ICSU!I o1 1'11\ ’1 pC diing on ine vecior a ‘- IS a;_*_l
whose elements are
a\‘l
( 1) —iss€p_i+l—1
Gn
=2, Z: a . u ; ; - a
€p p—i+l P—i1<h<] €p-DLE€p-i+h €p

g AN

and @, can be obtained through this progressive proce-
dure. The grand partition function, (I) expressed by
€4g. \z._;} can be obtained b oy buuuu.uns up all elemenis
of a(’) This is done by combining vectors, a},) and bg)
as shown in eq. (28). :

If the ionizable groups are arranged regularly; for

e
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example, if they are equidistant on the polymer chain,
then the matrices M); are equivalent and eq. (28) can
be written as

_:-_g) = b(D(M(I))p_Ia§D. (32)
This equation can be transformed as follows:
:.._-él) = b(I)T(I)(;.(l))P—I 7D —lal(l)’ 33)

where 7O and A satisfy the following relation
MOTD = 70D ;’(I), (39

2 being a diagonal matrix. Since P is very large, the
grand partition function can be expressed in terms of
the maximum eigenvalues. The explicit expressions of
a;n and M in the above case are shown in Appendix
1

The expressions of the probabilities, P, (€;) and
P (e, €;+ 1) are derived from the grand partition func-
tion as

= (= —15D
Pl =ED b

o 1 (35)
x Il mMONnDE) T1 DD,
rmper M TG 5 M
and
o = (=10
P (e €,) = EPY 16D
I
O p D
Xi=j+k+1 Mi jvj-x—k(ej-x-k) (36)
jrk—1 i—1
x 1 MOnDe) 1 DD,
i=j+1 1 (e])i=1+1 i

where N].(I)(e.) is a mnatrix, the elements of which are
the same as tilOSE of MDD » except for the replacement
of a_ with 0 when e - €j- In the case of the equidistant
distribution of the ionizable groups, egs. (35) and (36)
can be rewritten as

Pr(e]_) = (EI(,I))—l b(l)(M(I))P—i— 1 .
; i—1 (I
X ND(e Py —1g®

and

Pr(ej’ ej+k)
= (Eg))—-l b(’)(ﬁ{(D)P—i—k—lNU)(e) (38)

X (M(D)k_IN(I)(G)(M(I))j—I_la;I).

Also the degree of ionization, ¢, can be expressed as

P P ou = 08a °’

where v is the number of the ionized site. The differen-
tiation of eq. (39) with respect to a_ yields the relation,

o=®
P _ . _G8 QN )

The right-hand side of this equation can be approxi-
mated as

19— 0 D Dyp—ig(®
P (D) 5,0 BE@ ey
~ (=IN-15DepgHp~i—1
ED) e D@ D)
(41)
) 7 i—1 (D)
X (a_ EM( )) @Dy~
= (5;1))—1 b(l)(M(l))P —J'—IN(I)(_)(M(D)]"—IaIU) i
Egs. (37) and (41) give
44 =.Pr _j)'
A similar equation with respect to the degree of ion-
binding, 8, can also be obtained

6 = P I(mj d (43)

1If the dipole—dipole interaction is neglected, the
ratio of the fraction of unionized sites () to the de-
gree of ion-binding () can be generally related to the
activities g and a,;, as:

BolB=ag/ay (44)

This result is obtained as follows: Let us use another
expression of the grand partition function,

" (42)

a; + g, * ami), (45)
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us_i = exp(—E/kT) (46)

and #; is the interaction operator which operates on
Geisj from the left hand side and generates the interac-
tion term

a exp(— 2. fore. .=—_

—i+j p( E“'i: _1'+j/kT)u1 T €l+]

- 7 _

Ui%isj i )
eivj i otherwise

P 7 @7
{li I;I _1;[ exp(—_ - - .)'

€i+j i+j ~i€i+f

From the grand partition function (45), P,(0;) and
P, (my) are derived corresponding to eq. (35) as

1T N
PI(OJ.) = -E— I;I a_.u; + ay. ta mi)aoj
(48)
XII;I+1(u—la—zu +00 +am1)’
j—-1
P(m)——H(u A u+zz0 ta )
, (49)
Xa mll-l;!PI us A u +a0 ta, )

From these equations we can derive ihe relation,

Bo/B = P(0)/P () = ag/ay,

if no difference exists between the ionizable groups.
The above equation is transformed to

=1 —ay/(ag +ay) (50)

instead of eq. (44).

The potential at the surface of the polyion, Y(a), is
obtained by solving the following Poisson-Bolizmann
equation for the bulk solution,

V2y = —(4ney/D)[C, exp(—ey W/kT)

51

— C_exp(eg¥/kT)]
ovforl, -, = 2eqa/Dab, 52
ov/forl,—p =¥l,—g =0, (53)

where

(an+CS) C,
+ 1000 NaFs> C_=1600Vaf -

R
F,=®R*-ad% / f exp(Fe, Y/kT) 2rdr. - (59)
s .

In egs. (51)—(54), NV is the Avogadro number, Cp,
and C; are the equivalent molar concentrations of the
macroion and added salt, respectively, and C, isrelated
to pM as shown

pM=—log C,.

According to the cell model proposed by Katchalsky
et al. [13], R in egs. (53) and (54) is given by the rela-
tion

1 Cp
saR2 1000 7VA-
3. Results

3.1. Titrarion curve of a linear lattice polyelectrolyte.

Numerical calculation is carried out by the proce-
dure shown in fig. 1. First, a suitable value of the activ-
ity ratio, a( /ag is chosen and initial values of ¢
CE (e v,b(l) > (D)/kT) and C, are tentatively assigned
as g =0 and C; p = C;- Next, from eq. ( (4)’, the activ-
ity ratio, 11 /a is given by

aQ/ag = C, o@P/ay) exp(y)(10)~FMo. (55)

Then, ¢, B3, r( €+7), ©_ and @, can be obtained
as function of ¢0 and C+’0, accordmg to the expressions
presented in section 2.

Values of C, and {/(a) are given numerically in
terms of & and C, as follows. The solution of eq. (51)
can be easily obtained by the Runge-Kutta-Gill method
if €, and C_ are given. By an iteration method, suijtable
values of C, and C_ satisfying eq. (54) can be obtained
when the values of €, and C are given. Thus C,, C_
and Y(2) can be defined numerically as functions of «
and C..

A{:cordmtx to egs. (1)'—(4)’, the second approxima-
tion of ¢, @ is given by
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Another value of
a_/ao is given.

¢k = Cx-1
Ca,x= Oy xe1 fogy?

nitial values of Sy

and C+,k are given.

Calculation of
x, 3, Pr(—j'-j+k)' P:(mj'mj+k)
A and c+,k+ -

Answer is obtained. Is

another answer wanted?

Fig. 1. Flow chart of the computation. Values of eps; and eps,
give the allowable errors of the computation.

2
%5€0 In
Db

(Nb +NV2p2 + a2 )

=@&7T)? [@‘_’{0 - —
(56)
teg¥o@ — @1(-20] s
where subscript O stands for the values obtained by the
first step of the calculation as mentioned above. The
next step of the calculation is carried out by using the
values of ¢; and C, ; (= C; ;(ap)) for g4 (= 0) and C,
respectively. This process is repeated until the differ-
ences 16z, 1 —@xland IC, 5,4 — C; x| become small-
er than certain values which are indices of correctness.
The calculation was performed for various values of
C,, and C; at fixed values of N =100, T = 25°C and D
= 80. The polyion was assumed to be represented by a
linear lattice as described in section 2. At first, an equi-
distant array of ionizable groups was assumed with an

inierval & of 2.5 A; later this assumption was refined
by assigning values deduced from the most probable
conformation of PAA. The radius of the rod, g, and
the average distance between the ionized group and the
bound cation, d, were used as adjustable parameters;
their best values were found to be 10 & and 5 A, re-
spectively.

If the dipole—dipole interaction between cation-
bound sites is negligible, i.e., @, = 0, the calculation
procedure can be simplified as follows Instead of the
ratio a /ao, a new conditional value a(I)J(ao +ag)is
chosen, and &, P(—;, —j45) and @_ are calcu]ated
leading to the values of the ratio a., [(ag +a,) as

am/ag +ay) = C, [aP /@y +a)]

(55)
X expleqwP/xT)(10)~PMo_
Thus the degree of the counierion binding, 3, is ob-
tained by use of eq. (50) as
am
g= ag Ta, (1 —a),
and eq. (3)' is rewritten as
a®

— am
a, -l>am—10g(,1 T ay +am)

N Q)
kT

pH=1log

+0. 4343 +pK, -

Typical examples of the calculation are shown in
figs. 2 and 3, where ApK, = pH — logfe, /(1 — app)]
and Cupp — @t B. The calculation is carried out at C
=10 mN and at infinite dilution (Cj, > 0). The error
of ApK, due to the computer ca]culat:on does not ex-~
ceed 0.01 in each case. Fig. 2 shows a case where al-
most no cation is bound to the ionized group (pM,
= —50), whereas figs. 3 show a case where cation bind-
ing exists to some extent (pMg = —1.5). The curves of
the degree of the cation binding, 8, versus the apparent
degree of dissociation, Q,pp» ATE shown in fig. 4. In any
case, the second and the t}md approximations give al-
most the same curve, although the curve for the first
approximation is slightly different from the others, as
shown in figs. 2—4. This fact indicates that the second
or the third approximation is needed to describe the
potentiometric titration behavior and the cation bind-
ing of polyelectrolyte solutions.
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’ e
6 3 -
’/”
ks
3r -— ',_/ ]
LA
2r 7 e
o ]
#
1 /_/ ___________ ]
0 * * * i 2 'S 3
° as 0
Kapp

Fig. 2. Calculated apparent dissociation constant, ApK,, and
contribution of the long range interaction, eox,b(l kT, to
ApKj as function of apparent degree of ionization, @app, for
the case of no counterion binding. —- —-— , first approxima-
, third approxima-
tion. The following parameters are used in the calculation:
Cp—~0,Cs=10mN, 7= 25°C,D = 80, N =100 and pMp

Contribution of the long range interaction eqY/kT
to ApK, is indicated in fig. 2. The values of eqU/kT
increase at first with app- Then, due to the shielding
effect of counterions, the contribution of the long
range interaction becomes almost constant with the
first approximation, and decreases with the second
and third approximations. Evidently, the term e /AT
decreases in value with increasing degree of approxima-
tion. The term, however, cannot be neglected even in

the case of the third approximation, as shown in fig. 2.
3.2. Comparison of the theory with the experiments

In the calculation of the potentiometric titration
curve, local conformation of the polymer chain is as-
sumed to be stretched so that the overall electrostatic
energy may be minimum.

Bond lengths and bond angles of PAA used in the
calculation are summarized in table 1 [21] . The local
conformation of a syndiotactic PAA (PAA ) isassumed
to be characterized as (—t—t—t—t—) and that of an iso-
tactic PAA (PAA)) as (—g——t—g¥—t—). Here t, g* and
g~ assign the internal rotation angles to 0°, 120° and
—120°, respectively. These conformations indicate
that two adjacent ionizable groups are separated as
far as possible, and that the overall shape of the macro-
molecule is an extended rod.

apKa
4+
3L P
2F Y
v/
'l —
X app
o) 3 1 1 1 1 b1 2 I 2 i}
4] Qa5 1.0

Fig. 3. Calculated apparent dissociation constant, ApKg, for
the case that cation binding exists to some extent.

————— , first approximation; ------, second approximation;

, third approximation. The parameters used in the cal-
culation are the same as those in fig. 2 except pMg = —1.5.

A section of a syndioiactic FAA in all-irans confor-
mation is shown in fig. 5. The internal rctation angle
around the bond between atoms 7 and j is designated
by R; ;5 whose positive sense corresponds to that the
atomic group bonded to atom j moves counterclock-
wise relative to the atomic group bonded to atom 7
when viewing from atom 7. The backbone internal ro-
tation angle is defined as O for the trans position.
Since two oxygen atoms of a carboxyl group are con-
sidered to be equivalently ionized in the ionized state,
two bond lengths, C;;—055 and C;; —0535 shown in
fig. 5-B, areassumed to be the same and the ionized
site is assumed to be placed at the midpoint of the two
oxygen atoms of the carboxyl group.

The distance between n-th and (2 +7)-th icnizabie
SIOUpS, 7y, 1, o ; (n=1,2andj=1 ..., 10), and the aver-
age intervals of the ionizable groups projected to the
polymer backbone, b, are computed for the conforma-
tions mentioned above. Table 2 shows the calculated

8
04 =
= -
0.2 = o
% 05 10

Fig. 4. Curves of the degree of counterion binding, g versus
Capp- —-—-— , first approximation; ------ , second approxima-
tion; , third approximation. In this figure, the curves for
the second and third approximations coincide with each other.
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Table 1

Bond lengths and bond angles of PAA(

Bond Bongd length () Bond angle Anmngle (deg.)
C2—C2y 1.485 C;—C2—Cs 115
Cz1—022 1.287 C2—C3-C4 115

C;—C> 1.54 C3;—C2-—-C3q 110

resulis of these values. Since the distance Py p+jisin-
dependent of 72, the matrices MI-(I )in eq. (28) are the
-.ne for any 7, similar to the case of equidistant distri-
bution of the ionizable groups.

The computation of the potentiometric titration
curve for PAA; and PAA_ is carried out according to
the procedure presented in sections 2 and 3.1. A fairly
good agreement of the calculated curves with the ex-
perimental results by Kawaguchi and Nagasawa [14],
is obtained as shown in fig. 6. There are some discrep-
ancies between the calculated curves and the experi-
mental values at the low degree of ionization (aapp
< 0.3). due to the coiling of the polymer chain in this
region. Namely, at low «, the entropy force which
drives the polymer chain into a random coil, exceeds
the repulsive force between the ionized groups.

The values of @, d and pM; used in the present cal-
culation are 10 A, 5 A and —0.2, respectively, they
provide the best agreement with experiment. These
values correspond to a situation where the sum of the
thickness of the hydration layers of the free counterion
and the ionized group is 7 ~ 8 A (= difference of the
radius  and the distance of the ionized group from the
axis of the rod), and indicates that the bound counter-
ion destroys the outer part of the hydration layer but
not the inner part whose thickness is 5 A.

Tabie 2
The distance between the ionizable groups for PAA

Fig. 5. A section of PAAg in all-trans conformation. (A and B).

4. Discussion

Theoretically, the present equation describes the
electrostatic nature of the polyelectrolyte solution
very precisely. Lifson’s theory [12] is amplified by
clarifying the role of neighbor and long range interac-
tions as well as the effect of ion binding. The effect of
neighbor interactions is tested by comparing computa-
tions based on one neighbor, two neighbor and three
neighbor interactions as described in section 3.1. Ca-
tion binding also provides some contribution to the
titration profile.

Usually cation binding is undesstood as a result of
ion condensation based on the theory of Oosawa [1,
15] as well as that of Marning [16]. in the present
theory, however, the cation binding is treated in the
same way as ihe association equilibrium between hydro-
gen ions and polyion in order to construct the grand
partition function. Effect of the electrostatic potential
is introduced by modifying the form of the chemical

i

1 2 3 4 5 6 7 3 9 10 b
7, i+h (A) 4.34 5.76 6.57 953 11.58 13.15 1579 17.92  19.72 223 221
for PAA;
7, i+h (A) 4.34 5.20 8.53 10.39  13.45  15.59  18.51 20.78 23.64 25.98  2.60

for PAAg
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Fig. 6. Potentiometric titration curves of PAAjand PAA;.
Open circles show experimental data obtained by Kawaguchi
and Nagasawa [14], and solid lines are the calculated results
for the second approximation. Salt concentrations: 1, 10 mN;
2, 100 mN. Upper and lower curves or circles correspond to
PAAj and PAA, respectively.

potential of the cation-bound site. Numerical values
of the cation binding are approximately the same as
those obtained by the ion condensation theories.

As a secondary effect of the cation binding, the
dipole—dipole interaction cannot be neglected. Fig. 7
shows a typical result when dipole—dipole interaction
is neglected in the computation. The theoretical curves
have larger curvatures than the experimental ones. This
discrepancy suggests that the dipole moment formed
by an ion-pair of the bound counterion and the ionized
group is large enough to affect the binding of another
counterion.

The fact that the most suitable value fordis 5 A
for PAA means that counterion is bound loosely to the
carboxyl group. As a result, the bound counterion is
mobile in the vicinity of the ionizable group, which in-
duces a large dipole moment along the polymer skele-
ton when applying an external field [16—19].

Recently, tiie 23Na chemical shift observed in Na-
PAA solution was found to vary with the degree of
neutralization [20]. These NMR data indicate the ex-
istence of bound counterions. Variation of the 23Na
chemical shift with the degree of neutralization is con-
sistent with estimates of counterion binding calculated
by use of the present theory. This is shown in fig. 8.
However, the concept of counterion binding is some-
what ambiguous in the present theory. It means that

oLapp

] 1 1 1 ] Il 1 I 1 1 "

0 05 1.0

Fig. 7. Calculated potentiometric titration curves when ne-
glecting the dipole—dipole interaction. Open circles show ex-
perimental data [14], and solid lines are the calculated results.
Parameters used in the calculations are: @ = 7 A; pMg

= —-1.3 (A), —0.6 (B); and C5 = 10 mN (1), 100 mN (2). Upper
and lower curves or circles correspond to PAAj and PAA,,
respectively.

S
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Fig. 8. A. Variation of the 23Na chemical shift as a function of
a,pp obtained by Gustavsson et al. [20]. Polymer concentra-
tion (Cp) and sodium ion concentration (CNg¥) are: Cp =0.88
N, CNa* =0.11 N (1); Cp = 0.25 N, CNa+ = 0.30 N (2). De-
tails of the experimental conditions are descrit=d in ref. [20].
B. Calculated degree of counterion binding, 8, as a function of
aapp for PAA; ( ) and PAAg (----) by use of the present
theory. Upper and lower curves are those for Cg = 100 mN
and Cg = 10 mN, respectively. Other parameters used in the
calculation are the same as those in the calculation of the
potentiometric titration curves in fig. 6.
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the energy state of the counterion in the vicinity of
the ionized group is different from that in the bulk of
the solution, due mainly to the coulombic interaction
between them. Also otker factors such as changes in
hydration around the ion and the ionized group
should be considered carefully in evaluating the equi-
librium constani and other related quantities.

In the present theory, precise description of the
titration behavior is a result of the introduction of sev-
eral parameters such as @, d and pM,. The effective
radius of the polymer chain, g, and the distance be-
tween the bound counterion and the ionized group, d,
cannot be determined precisely by any experiment at
present. These parameters need to be adjusted by use
of the experimental data obtained from both pH and
PM measurements. In this paper, the values of these
parameters are chosen as described in section 3, since
no experimental data are available for the values of
pMin PAA; and PAA.

Tt should be noted that eq. (3)" for the 0-th approx-
imation coincides with the equation proposed by
Kotin and Nagasawa [2], when no counterion is

Appendix 1

bound to the ionized group and the following relation
is satisfied, '

This fact indicates that the equation derived from the
smeared charge model is in accordance with an approx-
imation of the present theory. The present theory

may be more appropriate to study the nature of the
short range interaction of the ionizable groups of the
polyion
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The explicit expressions of ¢() and M@ from 7= 1 to I = 3 are shown in this appendix. For brevity, the follow-

ing quantities are defined;

G =4ag; Ue e “Uei 5412

2
h=1

3
€i€j+f’ ue, €5 €,€ =

uE, €,€

Then a}l) can be written as

A=1 uei, €i+F

-1
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0%m%o

[,

-
u___ai uOOmagam
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a-2)

If the dipole—dipole and dipole—ion interactions are neglected (#m;, m;4 5 = ¥m;,0;45 = 40;,mz15 = 1), the dimen-

sions of column vectors can be reduced and eq. (I-2) can be rewritten in 2 simplified form as
(1) -
a3 a_

ag ta,

@ =
a;

u__ag
u_ga_(@, ta_ )

uyleg ta da_

2
uge(@g +am)

J

(3) -
03 =

r

a3

u

u__oaz_(aO +am)
u_o_a_{ay+a )
u_gpa_(ag + N
uo___a?_‘_(ao +am)
uO__Oa__(a0 + czm)2

"00—(‘70 + am)za_

3
Ugoo(@y T ay,)

-~

J

a-3)

where therelation, #,_ o, = u#, o and so on, are used. According to these expressions of. oD, D can also be defined

as
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(1-A-4)

Here the expression of M is omitted, since the dimension of M3 is too large (27-th) to write down explicitly.
The matrices, when neglecting the dipole—dipole and dipole—ion interactions, are expressed as

M = ( a u__ a_u_,
\(ao ta Ju,_  (ay tadug,
M= a u_ a_u__, 0 0
0 0 a_u_, a_u_g,
(@g tadu, (a, +am)u0 0 0 0
0 0 (ag +a,)ugy_ (@g +a)uggg
M=l g 04 a u___ 0 ] 0 0 0
) 0 a_u__o_ a_u__gg o 0 0
(4] o 0 o a_u_g_ _au_g o 0
0 o 0 0 0 0 a_u_gy_
(@g+a Ju,___(ay+a Ju, _, O 0 0 0 (0
o 0 (@yta Juy_o_ (ag+a duy_ oo 0 o 0
0 0 (¢ 0 (ap*a Juy, _ @y ta Jug, o O
0 0 0 0 (4]
L

a

0

0

0
—¥_000

0

0

o

O (ag+ap)ugpp_ (ag *+ay,)ugny
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Appendix [T

Egs. (33), (37), (38) and (39) can be easily transformed into the following expressions of the 0-th, 1-st, 2-nd
and 3-rd approximations, respectively. For simplicity, hereafter we omit the superscripts showing the order of ap-
proximation.

II-4. The 0-th approximation

In the O-th approximation all the neighbor interactions are neglected in the calculation of the grand partition
function. Then

p (p—v) P p
= = z (P_ - = 3 o S
~p ? o V@ —v— w)! a’agall VT =(a_tagtay) (r-A-1)
Therefore @ and 8 can be easily obtained as
a oln= a a_ oln= a
= — =___ p:: - = . =—m. p = m - -
=P (D= 5 ~a Yag ta’ F=F(m) =5 da_ a_+ap+a (1-A-2)
On the other hand, eq. (38) can be given by
Pl (Pl '_”1) Pl !
_ == -1 V1 w11 —v1 —w1)
7 Iid j+k) ("'p) g} wzl vyl 1P —v; — ! @4y 4y
o ((-=1) (k—1-»2) k- 1! apzas;za(k—l—vg —w3)
— m
V2 w2 vyl (e — 1 —v, —w,)!
Py (P2—v3) ng
v3 w3 (P2 —v3—w3) A-3
Xv23 533 z’3!""3!(1’2—”'3_“’3)111_00 Zm ’ (-A-3)
that is
a__ 2 5
P )™ (W) Ten

where Py =P —j — k and P, =j — 1. From egs. (II-A-2) and (II-A-3), the activity ratiosa_/aq and a_/a,, can be
derived as

a_fag=c/(1 —a—f), (I1-A-4)

a_fa_ =cfp. (I1-A-5)

By use of egs. (1I-A-4) and (I1-A-5), egs. (3)’ and (4) can be rewritten as

«a
pH=pK, +1log 1—a_8 +0.4343 e W/KT, (11-A-6)

and
pM = pM, + log o/ + 0.4343 (eg W/kT — @, [KT), (II-A-7)

where
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2 2
e, e 2,2 . 2
0 __Oln(Nb+\/Nab ra )}+e01,b(a),

L=
{134 2&{ i 1=1 Dr. i Db

If no metal binding occurs, eq. (II-A-7) can be expressed in the form of the familiar equation of potentiometric
titration as

pH=pK, +log —— 1 + 0.4343 AGel/kT (11-A-8)

where

AGel = ey

II-B. The 1-st approximation

The higher order approximations are a little more complicated, since the neighbor interactions are contained in
the grand partition function. Let A; be the maximum eigenvalue of A7; then we can rewrite eq. (33) by considering
that P is large enough to maintain the relation )\q > 25 and A7 > M, to obtain the following expression

z, =1 Z) z, Z) r7la, (1I-B-1)

111 ,J’

where i tk ; and g; are the i, j-th component of the matrix T, the , I+ th component of the matrix 71 and the

i-th component of the cojumn vector g, . In a similar manner, eq. (35) can be rewritten as

a=P(-D=#1%1- B=P(m)=17%25, (11-B-2)
and
AN .
P~y = sEtlltls(Al) Lsaf11e

(1I-B-3)
AN\E 1
P(m. m.+k) Z) 1 t3s()\ ) 2313 1-
= 1
II-C. The 2-nd and the 3-rd approximation

By a similar procedure to the 1-st approximation we can easily obtain expressions of egs. (33), (37) and (38),
which are more adapted to numerical calculation. Final results are expressed by the following equations.

=@ = 22 E z Z} tTla _(I1C-1)
S =

9
a=P(-))= E sz p=P(m)= § 70 ai-c2)

1,i%,7°
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9 AN 3 3
- _S -1 -1
Plp —an) = Z) (7\ ) ? Y1.9%.s Z=> Lartra
s=1 1 g=1 r=1
9 d1-C-3)
= -1 ~1
Py, )= 2 (Rl) qz;7 e z, T

where the notations are the same as those in egs. (II-B-1)—(II-B-3) except that the superscript represents the degree
of the approximation. Also

27
=P =232, Z) tita, (11-C-4)
a=P ()= Z)rl’, t,1.  B=P(m)= Z) PRTA (11-C-5)
-1,
£ 7 J+k) ( ) Ethq, Z_>ts,r 1
(11-C-6)
VAV L
-1 -1,
P(m m, +k) g(k ) qzlg tlyq q,S 29 tS r r,

II-D. The case of neglecting the dipole—dipole and dipole—ion interaction.

If the dipole—dipole and dipole—ion interactions are neglected, the expressions of eqs. (II-B-1)—(1I-C-6) are
slightly simplified as follows. Egs. (I1I-B-1)—(II-B-3) for expressing the first approximation are rewritten as

=1 Z) t, E -1 (I1-D-1)
=1 i1 i=1 i,j ]
a=PF r("i) =111 (11-D-2)
A&
-1 s ~1
Pl—p —sp)= El i 3(7‘1) 17, (11-D-3)
And eqgs. (1I-C-1)—(11-C-6) are also reduced to
a4
=@ = p-2 Z) t 4 Z) 17l (1-D-4)
1 ] 1 ,]
2
LR ACAED Y T (11-D-5)
2N
p— p— = _1 “1 o
P~ —jsp) SZ:I;(";) q§1 it 2_:‘, 712, 1, (I1-D-6)
8 8
=@ =73 Z; z. Z) tTla. (I1-D-73



216 S. Sascki, A. MinakatafPotentiometric titration of linear polyelectrolyzes

4
= = —‘l -l )=
@=P(-) E:l’irm, (11-D-8)
8 Ak 2 4
o = S -1 ~1 1I-D-
Pr( i’ ic+k) sz;i()\l) Z:%tl,qtq,S,Z:its,rtr,l' (1-D-9)

The equivalence of eq. (II-D-2) to Lifson’s equation (eq. {(49) of ref. [12]) can be shown as follows. From the
relation between the components of #, eigenvalues and eigenvectors, the following equation can be derived

i =@ _u__ =2y — 1) (11-D-10)
Also the relations beiween the eigenvalues and the matrix elements are given as

A FA,Su__a_ + uoo(a0 ta_), ApA, =a_(u__ugg — u_gug_)ag +ay,)- (I1D-i1)
Then by uvsing egs. (I1-D-2) and (1I-D-10)—(1I-D-11) the following relations are obtained,

a-—20)2 _ {u__a_—uyplag +a, )2
ol —a@)  u_gug_a_(ag +tay)

(I11-D-12)

Eq. (I1-D-12) can be easily reduced to Lifson’s equation (49) [12].
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